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A singular element based on dual interpolation boundary face method (DiBFM) is pre-
sented for solving V-shaped notch problems in this paper. The stress field around sharp
notches is singular, and the singularity orders vary with the notch angle. Thus an element
with usual shape functions or traditional singular element cannot lead to high accurate
results. To accurately model the distribution of displacement around the notch tip, a new
displacement singular element based on DiBFM is proposed. The new element takes into
account the variable singularity orders at the notch tip. The dual interpolation method
which combines conventional polynomial element interpolation and moving least-squares
approximation can provide much higher accuracy than traditional interpolation method.
With the proposed singular element based on DiBFM, more accurate displacement results
in the vicinity of the notch tip can be evaluated, thus more accurate stress intensity factor

(SIF) of the V-shaped notches can be obtained. Numerical examples have demonstrated the
validity and accuracy of our method.
© 2019 Elsevier Inc. All rights reserved.

1. Introduction

V-notched structures such as gears, bolts and nuts widely appear in the practical engineering problem. These structures
are of major interest in engineering design because the failures usually happen in these regions. The stresses at the notch tip
are singular. Therefore, accurate and efficient numerical analysis of structures with V-shaped notches has been a challenging
task.

The finite element method (FEM) is a successful tool to analyze the engineering problem. But the boundary element
method (BEM) [1-14] is more suitable for solving the V-shaped notch problems. In the BEM analysis, only the surface of
a body needs to be discretized and accurate results for stress can be obtained. In addition, the trial functions in the FEM
formulation must be at least C°-continuous which is not required in the BEM.

Rzasnicki et al. [15] analyzed single edge notch under pure bending by the BEM. Portela et al. [16] proposed a boundary
element singularity subtraction technique to solve the 2D V-shaped notch problems. Niu [17] and Cheng [18] presented
an interpolating matrix method to obtain the stresses and the singularity orders of the V-shaped notches. Zhang et al.
[19] proposed a singular element based on conventional BEM to compute the stress intensity factor (SIF) of the V-notches.

The boundary face method (BFM) [5-7] is similar to the BEM. Both of them are based on the boundary integral equation.
By directly using the boundary representation (B-rep) data structure in most CAD software, no geometric error will be
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Fig. 1. Structure with V-shaped notch under mixed-mode load.
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Fig. 2. Von Mises stress obtained by the FEM at point A.

introduced in the BFM. Recently, Zhang [1,20,21] has proposed dual interpolation method (DIM) to improve the performance
of the BFM. The DIM combines conventional polynomial element interpolation and moving least-squares approximation.
The element of DIM is obtained by adding virtual nodes to a conventional discontinuous element at the vertices and edges
of a geometric element. The interpolation accuracy of the DIM element will increase by two orders compared with the
corresponding discontinuous element. Both continuous and discontinuous fields can be accurately approximated. The DiBFM
provides higher accuracy than the traditional BFM.

The stress singularity orders vary with the notch angle. Thus an element with usual shape functions which allow for
polynomial variation only is not suitable for modelling the displacement field around the notch tip. The traditional crack tip
element [22,23] is also invalid due to the variable singularity orders at the notch tip. Thus a new singular element based on
DiBFM is proposed in this paper.

The stresses have several orders of the singularity. The dominant singularity mainly depends on eigenvalue A;. Thus, the
r*1 variation is incorporated into the proposed element. A; is a function with respect to the notch angle. To make full use
of the DiBFM, the special shape functions of the proposed element are derived within DiBFM. With the proposed singular
element based on the DiBFM, more accurate displacement results in the vicinity of the notch tip can be evaluated, thus
more accurate SIF of the V-shaped notches can be obtained.

The paper is outlined as follows. The FEM for the V-shaped notch problem is presented in Section 2. The element of dual
interpolation method is introduced in Section 3. Section 4 describes the proposed element based on DiBFM. Four numerical
examples are shown in Section 5. The conclusion is given in Section 6.
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Fig. 3. Displacements along edge e by the FEM with different number of nodes.

2. The finite element method for the V-shaped notch problem

A structure with V-shaped notch is under mixed-mode load (Fig. 1). The von Mises stress obtained by the FEM with
different number of mesh node at point A is shown in Fig. 2. It can be seen that von Mises stress does not converge
and grow up rapidly with increasing number of mesh nodes (n). This illustrates that evaluating stress at singular point is
meaningless. The fracture criterion of the V-shaped notch should be dependent on the SIF.

Although stresses at the tip point of a notch do not converge, theoretically the displacements at it obtained by the
FEM can be convergent. Fig. 3 shows an FEM results for displacements along the edge e with different number of nodes.
One can see that as the number of the mesh nodes increase, the results keep almost unchanging. Therefore, a numerical
result by FEM for displacements with a large number of elements can be used a reference “exact” solution for comparison.
Accordingly, in this paper we will make use of this point to validate our method.

3. Element of dual interpolation method

In this section, the element of dual interpolation method (DIM) is briefly introduced. The DIM element is obtained
by adding virtual nodes to a conventional discontinuous element at the vertices of a geometric element. Fig. 4 shows a
quadratic DIM element. Considering the virtual nodes and source nodes, the DIM element becomes a continuous element.
According to the positions of the virtual nodes and source nodes, the shape functions can be obtained using Lagrange inter-
polating polynomial. The shape functions of the quadratic DIM element are given by

N, = 5+ A =dIE - -d)]E -1)§
| =

242 —d)
N, — E+0-dDE-0-dD]E+1)§

242 —d)
N [E— (- d]E+1)E -1
’ 242 —d) (1 — d)> (1)

_ E+A-dIE+DE - 1E
2d(2 —d)(1 - d)?
_E+A-DIE-A-DIE+DE-D
(1-d)*
where £ € [ -1, 1] is the natural coordinate of the element. d denotes the offset of source nodes, and d=0.25 in this paper.

From Eq. (1), one can see that the interpolation accuracy of the DIM element increases by two orders compared with the
original quadratic discontinuous element.

Ns
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Fig. 4. A quadratic DIM element.

The DIM element is used for interpolating boundary variables. The boundary integral equation is collocated at the source
node, only. The moving least-squares (MLS) approximation is used to construct relationships between variables on source
nodes and virtual nodes. The DIM combines conventional polynomial element interpolation and moving least-squares ap-
proximation. Both continuous and discontinuous fields can be accurately approximated. The DiBFM provides higher accuracy
than the traditional BFM.

4. New singular element based on DiBFM

We first introduce singularity orders of V-notch in this section. Then the shape functions of the proposed element based
on DiBFM are derived in detail.

4.1. Singularity orders of V-notch

The stresses in the vicinity of the notch tip are [24]
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The associated displacements are given by [24]
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where r and 6 denote the polar radius and polar angle respectively in polar coordinate system as shown in Fig. 5; G is the
shear modulus; The notch angle equals to 28 and angle o equals to w—f; Eigenvalues A; and A, can be obtained by the
following equations:

Aqsin 2ar) 4 sin (2A0) =0 (7)
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Fig. 5. A V-notch.
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Fig. 7. A V-notch subjected to mixed-mode load.
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Fig. 8. Displacement U, along the edge e.

Ay sin o) —sin 2A,a) =0
The SIFs are computed by
Ki = lim V2 (1) ™oyl
r—
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4.2. Shape functions of the proposed element

Fig. 10. Normalized SIF K;;/Pv/ma.
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From Egs. (2)—(8), one can see that the dominant singularity mainly depends on eigenvalue ). Thus, the r*! variation is

incorporated into the proposed element.
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Fig. 12. Displacement U, along the edge e when 28 =m/6.

The proposed element as shown in Fig. 6 is based on the quadratic DIM element. Assuming that the node 1 of the
singular element lies at notch tip, to get the desired variation, the shape functions of the proposed element should be of
the following form:

N =a+d (146" +d(1+ 6™ +dy(1+6)> +dj(1+ 6™ (1)

where i=0,..., 4; Ni represents the ith special shape function; a{) ~ ail are undetermined coefficients.
Eq. (11) should satisfy the following condition:

N'(&)) = §;; (12)

where i, j=0,..., 4; §; is Kronecker delta function; &; is the local node coordinate of the proposed element (Fig. 6).

Solving above linear system of equations will get the undetermined coefficients a{) ~ aﬁi. With the proposed singular
element based on the DiBFM, more accurate displacement results in the vicinity of the notch tip can be evaluated, thus
more accurate SIF of the V-shaped notches can be obtained.

5. Numerical examples

To verify the validity and accuracy of the proposed element, four examples are presented in this section.
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Fig. 14. Displacement Uy along the edge e when 28 =1 /2.

5.1. Example 1: V-notch subjected to mixed-mode load

In the first example, we consider a V-notch subjected to mixed-mode load (Fig. 7). Young’s modulus is 1 (in consistent
units) and Poisson’s ratio is 0.25. The geometric parameters h/w and a/w are 1 and 0.5, respectively. Plane strain cases are
concerned.

The displacement Uy, along the edge e are shown in Fig. 8. ‘Reference’ represents the results obtained by the FEM software
ABAQUS with 4,009,338 mesh nodes. ‘Our’ stands for the results obtained by the proposed method. ‘Traditional’ is the results
obtained by the traditional DiBFM with usual element. 90 nodes are used in these two methods. It can be seen that high
accurate displacement Uy, can be obtained by our method.
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Fig. 16. Normalized SIF Kj/o /7a when 28 = /3.

Figs. 9 and 10 show the normalized SIFs K;/P+/ma and K;;/Pv/ma by different number of nodes, respectively. As illustrated
in these two figures that the results for SIFs are convergent with increasing of nodes, and the SIFs obtained by our method

get closer to the convergence solution compared with those by the traditional DiBFM when using few nodes.

5.2. Example 2: single edge V-notch subjected to tension load

A single edge V-notch is considered in this case. Young’s modulus is 1 (in consistent units) and Poisson’s ratio is 0.25.
The geometric parameters h/w and a/w are 1.75 and 0.5, respectively. The notch angle 28 =6, 7 /3 and /2. Plane strain

cases are concerned. The V-notched plate is subjected to tension load o as shown in Fig. 11.
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Figs. 12-14 show the displacement U, along the edge e when 28 =76, /3 and 7 /2, respectively. ‘Reference’ represents
the results obtained by the FEM software ABAQUS with more than 5 million mesh nodes. ‘Our’ stands for the results ob-
tained by the proposed method. ‘Traditional’ is the results obtained by the traditional DiBFM with usual element. 105 nodes
are used in these two methods. It can be seen that high accurate displacement U, can be obtained by our method.

Figs. 15-17 show the normalized SIF K;/o /7 a for different notch angle 28 = /6, 7 /3 and /2, respectively. As illustrated
in these three figures that the results for SIF are convergent with increasing of nodes, and the SIFs obtained by our method
get closer to the convergence solution compared with those by the traditional DiBFM when using few nodes.

5.3. Example 3: double edge V-notch subjected to tension load

A double edge V-notch is considered in this example. Young’s modulus is 1 (in consistent units) and Poisson’s ratio is
0.25. The geometric parameters h/w and a/w are 2 and 0.5, respectively. The notch angle 28 = /6, /3 and /2. Plane strain
cases are concerned. The V-notched plate is subjected to tension load o as shown in Fig. 18.
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Fig. 20. Displacement Uy along the edge e when 28 =m/3.

Figs. 19-21 show the displacement Uy along the edge e when 28 =7 /6, /3 and 7 /2, respectively. ‘Reference’ represents
the results obtained by the FEM software ABAQUS with more than 5 million mesh nodes. ‘Our’ stands for the results ob-
tained by the proposed method. ‘Traditional’ is the results obtained by the traditional DiBFM with usual element. 150 nodes
are used in these two methods. It can be seen that high accurate displacement U, can be obtained by our method.

Figs. 22-24 show the normalized SIF K;/o +/7a for different notch angle 28 = /6, /3 and /2, respectively. As illus-
trated in these three figures that the results for SIF are convergent with increasing of nodes, and the SIFs obtained by our
method get closer to the convergence solution compared with those by the traditional DiBFM when using few nodes.

5.4. Example 4: open spanner with two V-notches

To further demonstrate the effectiveness of the proposed element, an open spanner with two V-notches is presented in
this example. Young’s modulus is 1 (in consistent units) and Poisson’s ratio is 0.25. The geometric parameters ¢ and [ are
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38 and 115, respectively. The traction load P is —1. The displacements along edges b and c are constrained as shown in

Fig. 25.

Figs. 26 shows the displacement U, along the edge e. ‘Reference’ represents the result obtained by the FEM software

ABAQUS with 5,613,540 mesh nodes. ‘Our’ stands for the result obtained by the proposed method. ‘Traditional’ is the result
obtained by the traditional DiBFM with usual element. 603 nodes are used in these two methods. It can be seen that
displacement Uy obtained by the traditional DiBFM is fluctuant around the notch tip. Fig. 27 shows the von Mises stress
distribution obtained by the proposed method. These demonstrate that our method is able to solve complicated engineering

problem.
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Fig. 25. An open spanner with two V-notches.
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6. Conclusion

A singular element based on DiBFM is proposed for solving V-shaped notch problems in this paper. The stress field
around sharp notches is singular, thus evaluating stress at singular point is meaningless. The fracture criterion of the V-
shaped notch should be dependent on the SIF. The new element takes into account the variable singularity orders at the
notch tip. The DiBFM can provide much higher accuracy than conventional BFM. Numerical examples have shown that with
the proposed singular element based on DiBFM, more accurate results for displacement in the vicinity of the notch tip and
SIF of the V-shaped notches can be obtained.
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